Heretofore undiscovered spin-0 or spin-1 bosons can mediate exotic spin-dependent interactions between standard-model particles. Here we carry out the first search for semileptonic spin-dependent interactions between matter and antimatter. We compare theoretical calculations and spectroscopic measurements of the hyperfine structure of antiprotonic helium to constrain exotic spin-and velocitydependent interactions between electrons and antiprotons.
I. INTRODUCTION
Antiprotonic helium (He + p) is a helium atom where one of the electrons is replaced with an antiproton. Antiprotonic helium, being a relatively simple matterantimatter bound state, can provide insight into possible exotic matter-antimatter interactions. Since the first observations of relatively long-lived (lifetimes of the order of microseconds) antiprotonic helium atoms in 1991 [1] , there have been significant developments in experimental techniques. The latest achievements include determining the antiproton magnetic moment [2] [3] [4] , resolving the hyperfine structure of 3 He + p [5] and precise measurements of the antiproton-to-electron mass ratio [6] . Furthermore, theoretical calculations of transition energies in antiprotonic helium have reached agreement with experiment at a level of one part in 10 9 or better in many cases [7] [8] [9] [10] [11] . An extensive summary of research on antiprotonic helium prior to 2002 can be found in Ref. [12] .
The principal focus of antimatter research to date has been on tests of CPT invariance [13] , for example, by measuring the properties of the antiproton [2] [3] [4] 6] , and on constraining Yukawa-type spin-independent forces [14, 15] . In this work, we show that one can also search for exotic spin-dependent interactions between matter and antimatter from precise measurements and QED-based calculations of antiprotonic helium.
Spin-dependent interactions [16, 17] appear in theories including "new", i.e., so far undiscovered bosons such as * Electronic address: filip.ficek@uj.edu.pl axions [18] [19] [20] [21] [22] [23] , familons [24, 25] , majorons [26, 27] , arions [28] , new spin-0 or spin-1 gravitons [29] [30] [31] [32] , Kaluza-Klein zero modes in string theory [33] , paraphotons [34] [35] [36] , and new Z bosons [37] [38] [39] . These new bosons are introduced to solve problems such as the nature of dark matter [40] and dark energy [41, 42] , the strong-CP problem [16] , and the hierarchy problem [43] .
The most commonly employed framework for the purpose of comparing different experimental searches for exotic spin-dependent interactions is that introduced in Ref. [16] to describe long-range spin-dependent potentials associated with the axion and later extended in Ref. [17] to encompass long-range potentials associated with any generic spin-0 or spin-1 boson. Some issues related to the velocity-dependent potentials presented in Ref. [17] were pointed out in Ref. [44] and are resolved in Ref. [45] . The spin-dependent potentials enumerated in Refs. [17, 45] are characterized by dimensionless coupling constants that specify the strength of the interaction between various particles and a characteristic range parameter λ for the interaction associated with the reduced Compton wavelength of the new boson of mass m 0 , λ = /(m 0 c) where is the reduced Planck's constant and c is the speed of light. Depending on the nature of the new interaction, different particles will generally have different coupling constants.
To date, the constraints on exotic spin-dependent interactions between matter and antimatter have concerned leptonic interactions and are derived from hydrogenlike atoms: positronium [46] [47] [48] and muonium [48] [49] [50] . In the following, we constrain spin-dependent interactions between an electron and an antiproton (a semileptonic interaction). We do this in a similar manner to Ref. The nucleus is an alpha particle. [44] , by comparing experimental results for the hyperfine structure of 4 He + p [2] and QED-based calculations [51] and using our calculated expectation values of spindependent potentials.
The structure of this paper is as follows. We begin by constructing approximate wavefunctions describing the antiprotonic helium atom. Then we present the relevant exotic potentials. Finally, we use first-order perturbation theory on the aforementioned wavefunctions and potentials to obtain constraints on the interaction parameters of interest.
II. ANTIPROTONIC HELIUM WAVEFUNCTIONS
Since the electron mass m e is much smaller than the nuclear (alpha particle) and antiproton masses, m nucl and m p , respectively, the approximate Hamiltonian describing antiprotonic helium has the form (derived in Appendix A):
where e is the elementary charge, µ p = m nucl m p /(m nucl + m p ) is the reduced mass of the antiproton, r p and r e are the position vectors of the electron and antiproton with respect to the nucleus (Fig. 1) , and ∇ p and ∇ e are Laplacians in the coordinates r p and r e . The strength of any hypothetical exotic spindependent interaction between two charged particles is orders-of-magnitude smaller than their electromagnetic interaction. Based on this, a high-precision calculation of the perturbation due to exotic effects is not required and it is sufficient to calculate the exotic contributions to first order in perturbation theory. For these calculations, a relatively simple form of the approximate wavefunctions of the antiproton and electron may be assumed. In the following, we focus on antiprotonic helium with the antiproton in the (n, l) = (37, 35) state and the electron in the (1, 0) state (where the first number in an ordered pair is the principal quantum number, and the second one is the orbital angular momentum), since there are were investigated in Ref. [2] .
both relatively precise experimental data and theoretical calculations available for this system [2, 51] . As explained in Appendix A, we use the approximate spatial wavefunction
where β is a numerical constant and ψ
n,l, m is a generalised hydrogen-like atom wavefunction [53] for a particle a with principal quantum number n, orbital angular quantum number l, and magnetic quantum number m:
In formula (3), µ (a) denotes the reduced mass of particle a, (µ
is the effective charge seen by particle a in a state with principal quantum number n, L n are derived in Appendix A using the variational method. In Appendix B, we justify the use of this method in this case.
To get a full approximate wavefunction of the considered system, we need to add the spinor component to the spatial wavefunction (2) . In the (37, 35) state, the total orbital angular momentum of the atom is L = 35. Let us then denote by |35, m L the vector corresponding to the spatial wavefunction Ψ mp . The interaction between the orbital motion and the electron spin is the strongest among the angular-momentum-dependent interactions in antiprotonic helium [7] , so we first add the orbital angular momentum to the electron spin, obtaining F = L + s e . We then include the antiproton's spin to obtain the total angular momentum J = F + s p [55] . This addition scheme introduces the hyperfine structure shown in Fig. 2 . We may characterise any hyperfine state in the (37, 35) manifold using three numbers: J , m J , and F. We build these states using the Clebsch-Gordan coefficients C J,m J j1,m1;j2,m2 :
Due to rotational invariance of the Hamiltonian and the exotic spin-dependent potentials considered below, the respective matrix elements do not depend on the specific m J value, so we denote the hyperfine structure states by |J ; F . Reference [2] presented the results of measurements of energies for the transitions |35; 35.5 ↔ |34; 34.5 (denoted as ν − HFS ) and |36; 35.5 ↔ |35; 34.5 (denoted as ν + HFS ) along with the theoretically predicted values calculated in Refs. [51] . We compare them in Table I and present the values of ∆E -a quantity constraining exotic interactions at 90% acceptance level. We define it in such a way that
where µ is the mean difference between theoretical and experimental transition energies, and
(σ th and σ exp are here theoretical and experimental uncertainties, respectively). These values of ∆E, characterising the level of agreement between theory and experiment taking into account the uncertainties of both, are used to constrain the exotic interactions.
III. SPIN-DEPENDENT POTENTIALS
In Ref. [17] , Dobrescu and Mocioiu introduced 16 independent spin-spin interactions. This list is reviewed and corrected in [45] . For studies of exotic spin couplings using 4 He + p, only those interactions that are invariant under spatial inversion and time reversal are relevant. These two conditions allow shifts of energy levels in firstorder perturbation theory. There are five spin-dependent potentials that satisfy these requirements: two velocityindependent potentials and three velocity-dependent potentials. In the coordinate-space representation they have the form [45] 
where f ep i is the dimensionless coupling parameter of the i-th interaction between the electron and the antiproton, r = r e − r p is the position vector directed from the antiproton to the electron, r is the distance between the electron and antiproton, ∇ p and ∇ e are vector differential operators in coordinate space of the antiproton and the electron, respectively, and s p and s e are the spins of the antiproton and the electron, respectively. By [·, ·] + we denote an anticommutator.
The potentials V 4−5 and V 4+5 have exactly the same orbital part and differ only in the spin part (they contain antiprotonic and electronic spin, respectively). We are interested in the states with high orbital number (L = 35) and total angular momentum J ≈ L. For such states both spins are either (almost) parallel, or antiparallel to L. We are considering the transitions ν ± HFS (see Fig.  2 ), where spins may flip, but the orbital part does not change. Thus, we can say that each of the potentials V 4±5 contributes only to the transition where the respective spin flips. To see how the spins sp and s e behave in Table II . The transition ν + HFS links the first pair of states, while ν − HFS links the last pair. In the first approximation, both transitions correspond to an electron spin flip -the admixture of the spin flip of the antiproton is suppressed roughly by two orders of magnitude. We see that the expectation value of the potential V 4−5 is practically the same for the upper and lower states and, therefore, the transition frequencies ν ± HFS are practically not affected by this potential, so we are not constraining it. For all other potentials, the electron spin flip causes the sign-change of their expectation values. In the following, we focus on the potentials V 2 , V 3 , V 4+5 , and V 8 .
IV. RESULTS
For every considered potential V i , we introduce the operator V i , defined as V i = f ep i V i . Then we may estimate the energy shift between states |J a ; F a and |J b ; F b caused by a V i operator using first-order perturbation theory and the approximate wavefunctions as follows: parameter and boson mass m 0 , the exotic potential causes a shift of the transition energy equal to f ep i ∆U ab,i (m 0 ). The maximal discrepancy between theory and experiment is equal to ∆E (see Table I ), so for any value of m 0 , the inequality
holds. The constraints on the f ep i parameter values can be calculated as
To obtain constraints on f ep i as a function of m 0 , we perform numerical calculations of ∆U ab,i for several m 0 values and then interpolate between them to obtain continuous exclusion plots. We perform this procedure for both transitions, ν + HFS and ν − HFS , and choose the more stringent of the two constraints. The obtained constraints are presented in Fig. 3 .
As can be seen in the exclusion plots, for bosons with masses larger than several keV/c 2 , the constraints weaken. This is explained by the fact that our system is less sensitive to interactions mediated by bosons with a Compton wavelength much shorter than the size of the antiprotonic helium atom.
We test our numerically derived constraints by comparing them with results of theoretical estimates (Table III). For these considerations, we use atomic units ( = m e = |e| = 1) and explore the limit of zero boson mass (λ → ∞). The fact that the speed of light is present in potential V 2 as c (in atomic units c = 1/α ≈ 137), while in the rest of the potentials it comes as c −1 suggests that the constraints on V 2 should be approximately α −2 ∼ 10 4 times more stringent than on the other potentials. Additionally, one may show (see Appendix C), that due to the spherical symmetry of the electron wavefunction, for the considered system in potentials V 4±5 only the terms containing derivatives over the antiproton position are relevant. These terms are suppressed by the factor m e /(m p + m e ) ≈ 0.5 × 10 −3 . Using the virial theorem and taking the potential energy to be ∼ 1 a.u. for an antiproton with n ≈ 35, we may estimate ∇ p ∼ √ m p , which yields
The other quantities present in the potentials, such as the spins, s p and s e , particle positions, r p and r e , and the differential operator ∇ e can be considered to be of order unity. Comparing the approximate expectation values of the potentials with the value of ∆E 2 MHz ≈ 3 × 10 −10 a.u. from Table I yields the approximate constraints presented in Table III . These constraints are similar to the ones coming from numerical integration.
V. SUMMARY AND OUTLOOK
For the first time, semileptonic spin-dependent interactions between matter and antimatter have been constrained. We did so by investigating hypothetical antiproton-electron spin-dependent interactions in antiprotonic helium. Moreover, this analysis provides the first constraints on velocity-dependent spin-dependent matter-antimatter interactions. Our constraints were obtained by comparing theoretical predictions and laboratory results, together with our calculated expectation values of exotic potentials. The current accuracy of the experiment [2] is 20 times higher than the accuracy of the theory [51] . Further improvement in the theory can improve limits obtained in the present work by an order of magnitude. 
Foundational Questions Institute.
Appendix A: Approximate antiprotonic helium spatial wavefunctions
Consider a system of three particles with masses m 1 , m 2 , and m 3 and respective charges q 1 , q 2 , and q 3 , as shown in Fig. 4 . The positions of these particles with respect to an arbitrary point O is denoted by ρ 1 , ρ 2 , and ρ 3 , respectively. If these particles interact only electrostatically, the energy of this system is
Let us introduce a new coordinate system with the positions defined as
where the total mass is M = m 1 + m 2 + m 3 . In these coordinates, the energy of the system is
Let us now apply these general considerations to the antiprotonic helium atom. Let particle 1 be the helium nucleus (α particle), particle 2 be the antiproton (p) and particle 3 be the electron (e). Then we have m nucl , m p m e and M ≈ m nucl + m p . The approximate energy is:
The first term may be eliminated by going to the centerof-mass frame. We re-write the remaining terms as the Hamiltonian:
where µ p = m nucl m p /(m nucl + m p ) is the reduced mass of the antiproton and p are the momenta of the relevant particles. After quantization, we obtain
Let us neglect the last term for a moment. Then the problem described by such a Hamiltonian can be solved precisely as two decoupled hydrogen-like atoms. The solution is characterised by two sets of three quantum numbers (principal quantum number n, orbital angular momentum quantum number l, and magnetic quantum number m), one set for the antiproton and one set for the electron. We may write the wavefunction as
where ψ (a) n,l, m is a generalised hydrogen-atom wavefunction [53] for particle a:
In this formula, µ (a) denotes the reduced mass of particle a (in our case, µ (e) ≈ m e ), Z (a) is the effective charge seen by particle a [for Hamiltonian (A8) without the last term, we would have is the spherical harmonic function. We will focus on states where the electron is in the ground state (1, 0, 0), while the antiproton can be in an arbitrary state (n p , l p , m p ). Let us define a state
where the coefficients Z (p) and Z (e) are effective charges in ψ In order to account for the effects of the electromagnetic interaction between the antiproton and electron, represented by the last term in Eq. (A8), we use the variational method. The other orbiting particle screens the nuclear charge, so we treat the charges Z (p) and Z (e) as variational parameters. Let us point out that even if we restrict ourselves to states with l p = 35, the variational method shall give us an approximation of the state with a minimal energy having this l p value, i.e., the state (36, 35) [52] . To get an approximation for the state (37, 35) , we shall use a test function orthogonal to the found approximation of the (36, 35) state [54] .
Using the variational method, we find the values of Z we choose it to be 35 to simplify the calculations). In order to estimate the uncertainty of our wavefunctions, the energy obtained this way is compared with the one obtained with a more accurate method (Table IV) Table IV) . By substituting the values of these parameters into Eq. (A12), we finally obtain the approximate wavefunction for the (37, 35) 37 ) is the β constant in Eq. (2). We find that β ≈ 0.216.
Appendix B: Variational method sensitivity check
In the main text, we use the antiprotonic helium wavefunctions derived in Appendix A. As mentioned there, we use the variational method to find the wavefunction of the first excited state with angular momentum L = 35. We note that in general this method is used to find the ground state, so in this Appendix we will check whether or not our final results are sensitive to the precise values of the effective charges.
In principle, we could do this by guessing any reasonable values of the effective charges Z, but instead we will use knowledge coming from Appendix A, i.e., the approximate spatial wavefunction (A12) denoted here by Ψ (which is also a function of the effective charges) and the values of the effective charges Z var , to perform an educated guess.
The sensitivity check is based on the observation that the effective charge that acts on one of the particles decreases with distance continuously from the maximum value of 2, when this particle is much closer to the nucleus than the other particle, to the minimum value of 1, when this particle is much further away from the nucleus than the other particle. To model this screening behaviour, we use a function of the form
that will give us the effective charge acting on a particle at a distance r from the nucleus while the other particle is at the distance parametrised by b (which may have different values for the antiproton and electron). We define the parameter b e for the electron (and analogously b p for the antiproton), as the radius of a sphere centred at the nucleus, for which the probabilities of finding the antiproton (and analogously the electron) outside and inside the sphere are equal:
The plan of the calculations is as follows (see Fig. 5 ). At first, we use the wavefunction Ψ with the effective charges Z var to calculate the values of the parameters b and the mean distances from the nucleus r for both of the particles. Then we estimate the new effective charges Z ch = Z( r ). In the end, we use the wavefunction Ψ with the effective charges Z ch to obtain new constraints on the exotic potentials. Eventually, if the constraints obtained with Z ch match (to the desired level of accuracy) the constraints obtained with Z var , we may conclude that our results are not significantly altered by the use of the variational method.
The value of r is calculated via the expression
for the electron, and analogously for the antiproton. We also calculate the parameters b e and b p using Eq. (B2). We input the values of b and r obtained for both of the particles into Eq. (B1) with r as an argument. This results in two numbers, which will be our new effective charges Z ch . The values of these charges, together with the effective charges coming from the variational method are presented in Table V .
We are now ready to perform the last step, which is to use these effective charges and the wavefunction Ψ to get constraints on the interaction constant f ep 2 . We do this exactly as described in the main text and compare the results with the ones obtained using the variational method (see Fig. 3a ) in Fig. 6 . The resulting constraints agree to within several percent. is the derivative with respect to the k-th direction in electron position space. To simplify the second term in Eq. (C3), let us recall that we assume that the electron is in the ground state, so the wavefunction Ψ has the form Ψ = ξ(r p )e −re/λ ,
where ξ is a function of the antiproton position only. We get r × ∇ e Ψ = ξ(r p )r × ∇ e e −re/λ , 
Let us now fix some value of r p and perform the integration over the electron position. We define a vector function F(r p ) = 
where r = (r namely what we wanted to show.
